ON THE ANALYTICITY AND GEVREY CLASS REGULARITY UP TO THE 
BOUNDARY FOR THE EULER EQUATIONS 

IGOR KUKAVICA AND VLAD VICOL 

Abstract. We consider the Euler equations in a three-dimensional Gevrey-class bounded domain. Using 
f"^ Lagrangian coordinates we obtain the Gevrey-class persistence of the solution, up to the boundary, with an 

,_^ explicit estimate on the rate of decay of the Gevrey-class regularity radius. 

o 

(N 

^ 1. Introduction 

C^ The Euler equations for the velocity vector field u(x,t) and the scalar pressure field p{x,t) are given by 

dtU + {u-V)u + Vp^O, in Dx {0,oo), (E.l) 

P^ V-M = 0, inZ? X (0,oo), (E.2) 

<^ u-n^O, ondDx {0,oo), (E.3) 

,.J^ where D is an open bounded Gevrey-class s domain in M.^, and n is the outward unit normal to dD. We 






O 



X 



j^ consider the initial value problem associated to (E.f )-(E.3l with a divergence free Gevrey-class s initial 

Cj datum, with s > I, namely 

' u(0) = uq, in D. (E.4) 



The existence of smooth solutions to (|rT])-([EJ4]) is classical (cf. [BoBl lEMl iKal [Tl lY] ) . While in the two- 
dimensional case smooth initial data yield global solutions, in the three-dimensional case if uq S H^{D), 
with r > 5/2, the maximal time of existence of the Sobolev solution, T*, might be a priori finite. If T* < cxd, 
^^ the vorticity must accumulate in the sense that /g * || curlM(i)||2^cx,(£)) — oo (cf. |BKM[ IF ] ). Lastly, upper 

^N bounds on ||u(-,i)|jj:/r(£,) are worse than those on ||w(-, t)||vi/i.=o(_D) due to the log-Sobolev inequality. We 

t~^ refer the reader to jBTl) ICh| IC2|, IMB| for the precise formulation of the above statements and for further 

^P results cornering the Euler equations. 

In the present article we address the persistence of Gevrey-class regularity of the solution, i.e., we prove 
that if Uq is of Gevrey-class s, then the unique Sobolev solution u{-,t) G C([0, T*); H^{D)) is of Gevrey-class 
s for all t < T^,. Moreover, we are interested in sharp lower bounds on the rate of decay of the radius of 
analyticity and Gevrey-class regularity of the solution. We emphasize that the size of the uniform Gevrey- 
}J] class radius of the solution provides an estimate for the minimal scale in dissipative flows, that is, the 

Cd scale below which the Fourier coefficients decay exponentially [HKRl IK1| ; it moreover gives the rate of this 

exponential decay |FT1IHKR) . We note that the shear flow example of Bardos and Titi |BT2| (cf. [DM]) may 
be used to construct explicit solutions to the three-dimensional Euler equations whose radius of analyticity, 



or even more generally the Gevrey-class radius, decays for all time (cf. Remark 1.3 below). 
First we summarize the rich history of this problem. 

(i) The persistence of C°° regularity (cf. Foias, Frisch, and Temam [EFT] ) and of real-analyticity 
(cf. Bardos and Benachour jBBj ) holds in both two and three dimensions. 

(ii) In the two-dimensional analytic case, Bardos, Benachour, and Zerner |BBZ| show that the radius 
of analyticity T(i) of the solution u{-,t) is bounded from below as T{t) > exp(— Cexp(Ct))/C, for 
some sufficiently large constant C depending on the initial data. Their elegant proof is based on 
analyzing the complexified equations in vorticity form. 
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In the three-dimensional analytic case, the persistence of analyticity is proven by Bardos and Be- 
nachour |BB] using an implicit argument. In [Bl IBel IBGll IBG21 ID] using a nonlinear variant of 
the Cauchy-Kowalevski theorem, the authors prove the local in time existence of globally (in space) 
analytic solutions, with an explicit lower bound on the radius of analyticity which vanishes in finite 



time (independent of T*). See also [LCSl ISC] for the dissipative Prandtl boundary layer equations. 

The proof of [BB, may be modified to yield an explicit rate of decay of the radius of ana- 
lyticity T(t) which depends exponentially on ||u(-, i)||/fr. Using different methods, Alinhac and 
Metivier |AM1[ IAM2| for the interior, and Le Bail |Lb| for the boundary value problem, obtain the 
short time propagation of local analyticity, with lower bounds for T(t) that also decay exponentially 
in \\u{-,t)\\H''- Note that the lower bounds for r(i) obtained in [AMHIAM21 IBB | ll7b] do not recover 
the lower bounds of |BBZ) in the two-dimensional case, since the presently known upper bounds on 
high Sobolev norms of the solution increase as Cexp(Cexp(Cf)), for some C > 0. Moreover, the 
methods used in jAMll IAM21 IBBl IBGfl IBG2[ iDl iLb) explicitly use the special properties of complex 
holomorphic functions, and hence may not be applied to the non-analytic Gevrey-class case. 
(iv) For the non-analytic Gevrey-class case, on a periodic domain, in both two and three dimensions, 
the persistence of Gevrey-class regularity follows from the elegant proof of Levermore and Oliver 
[LO]. Their proof builds on the Fourier-based method introduced by Foias and Temam |FT) for 
the Navier-Stokes equations. The lower bound for the radius of Gevrey-class regularity obtained 
in |L0) also decays exponentially in \\u{-,t)\\H^-- This bound was improved by the authors of the 
present paper in |KV1| . by proving that the radius of Gevrey-class regularity decays algebraically 
in a high Sobolev norm of the solution, and exponentially in L ||Vm(-, s)||ioo ds. Therefore, the 
Fourier-based method may be employed (cf. jKVl] ) to recover the bounds of |BBZ| . For further 
results on analyticity cf . [El IBGKll IBGK21 [CTVl IFTil IGKTI [GK2l IKTI IK2[ IKTVZl lOT] . 
(v) The only result in the non-analytic Gevrey-class case, on domains with boundary, was obtained by 
the authors in jKV2| for D a half-space. As opposed to the periodic case, here the main difficulty 
arises from the equation for the pressure. The classical methods of jLM) IMNj are not sufficient to 
prove that the pressure has the same radius of Gevrey-class regularity as the velocity. In ;KV2| 
we overcome this by defining suitable norms that combinatorially encode the transfer of normal to 
tangential derivative in the elliptic estimate for the pressure. 

The proof of |KV2) does not apply directly to the case when D is a general bounded domain 
of Gevrey-class s. The main obstruction is that if s > 1, under composition with a Gevrey-class 
(or even analytic) boundary straightening map, the Gevrey-class regularity radius of the velocity 



may deteriorate (cf. |CS[ IKPj and Remark 2.2 below). As a consequence, we need to localize the 
equation using particle trajectories and define suitable Lagrangian Gevrey-class norms. This gives 
rise to additional difhculties because the pressure is the solution of an elliptic Neumann problem 
(cf. [T]), and hence is non-local. 

The following is our main theorem. 

Theorem 1.1. Let uq be divergence-free and of Gevrey-class s on D, a Gevrey-class s, open bounded domain 
in 'S? , where s>l, and let r > 5. Then the unique solution u{-,t) G C{[0,T.^,)^, H^{D)) to the initial value 



problem (E.1)-(E.4) is of Gevrey-class s for all t < T*, where T* £ (0, oo] is the maximal time of existence 



in H^(D). Moreover, the radius r(i) of Gevrey-class regularity of the solution u(-,t) satisfies 

T(t) > Cro exp I -C n \\u{s)\\wi.o.(^D)ds] j exp (^- Cot - Ct^\\uQ\\%.^D))^ (1-1) 

for all t < T^, where C is a sufficiently large constant depending only on the domain D, tq is the radius of 
Gevrey-class regularity ofuo, and Cq has additional dependence on the Gevrey-class norm ofuQ. 

Remark 1.2. In the proof of Theorem |f .1| we also address the local (in space) propagation of Gevrey- 
class regularity of the solution (cf . Theorem |3.4| below) , in the interior of the smooth domain, or in the 
neighborhood of a point where dD is locally of Gevrey-class s. This extends the results of |AM11 ILb] to the 
non-analytic Gevrey-classes. 
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Remark 1.3. Note that there exist expHcit examples of solutions to (E.l )-(E.4| whose radius of Gevrey-class 
s regularity, where s > 1, decays for all time, and vanishes as t — )■ (X). Namely, consider the three-dimensional 
shear flow example (cf. Bardos and Titi fBT2] . DiPerna and Majda |DM| ) given by 



u{x, t) = {f{x2),0, g(xi - t/(x2))). 



(1.2) 



which is divergence free and satisfies (E.l ) for smooth functions / and g. 

In the analytic category s = 1 we may let f{x) — sin(a;) and g{x) = l/(Tg +cos'^(x)), where for simplicity 
D is the periodic box [0, 27r]'^. Substituting these particular functions / and g into (1.2) we obtain that 



u(-,0) has radius of analyticity To , while u(a;,i) = (sin(a;2), 0, l/(rQ + cos (cci — <sin(2;2)) has uniform radius 
of analyticity that decreases with the rate \/t. For a similar example in the non-analytic Gevrey-classes, 
s > 1, let 13 = M? and define g{x) — exp (— |a;|^^/^''^^^) cf. [JLej. Note that g{x) is of Gevrey-class s, but not 
analytic. 

Organization of the paper. In Section[2]we introduce the notation used to define the Lagrangian Gevrey- 
class norms. Section [3] consists of a priori estimates needed to prove the short time propagation of local 
analyticity (cf. Theorem |3.4[ ). Lemmas |3.2| and 3.3 are proven in Sections l4] and [s] respectively. Lastly, in 
Section [6] we show how the local in space and time results may be patched together to obtain the global 
persistence of Gevrey-class regularity (cf. Theorem 6.1). 



2. Notation and preliminary remarks 

The existence of a unique if solution, where r > 5/2, on a maximal time interval [0,r*), where T.^, G 
(0, oo], implies the existence and uniqueness of the particle trajectories (cf. |G1[|MB| ). that is solutions to 



dt 
X{0) 



X{t) ^u{X{t),t) 



(2.1) 
(2.2) 



where a £ D. For simplicity we denote by iptia) the solution of (2.1)-(2.2). It is well known that for all 
t < T^, the maps (f>t: D i-^ D, and (ptldD '■ dD i-> dD are diffeomorphisms. 

Local change of coordinates. Fix xq E dD. In a sufficiently small neighborhood of xq, the boundary 
dD is the graph of a Gevrey-class s function 7, i.e., for < tq ^ 1 we have Dj.a,xo —DC] Braixo) — 
{x G Br{xo): X3 > 7(0:1, 3:2)}. Moreover, since the Euler equations are invariant under rigid body rotations 
of M.^, modulo composition with a rigid body rotation about xq, we may assume that ||9i7|| roofn/ -i + 
II^27|1l°°('i)' ~) !i £ ^ 1; for To sufficiently small, where e is a fixed, sufficiently small universal constant, 
to be chosen later. Here we have denoted D'^ = {x' : x G Drg.xa}, where we write x' = (a;i,a;2) for 



X = (xi, a;2, xa). Define a boundary straightening map : M — ^ IB 

9{xi,X2,X3) = {xi,X2,X3 - 7(2:1, a;2)) 



.^by 

= {yi,y2,y3)- 



(2.3) 



Note that det{d9/dx) = 1. By the construction oi 9 we have -Dro.xo = &{Dro,xa) = {v ^ (^(Broixo)) ■ Vs > 0}. 
Let i^ = D Brg/2{xo) C D^g^xo be a neighborhood of x^. Also let fi — 9{il) and ilj = 9{ilt). 
There exists Ti = Ti{rQ,u) such that for all = Tg < t < Ti we have ilt = (/)t{^) C D^g^xo- The value of 



Ti may be estimated from below by using the representation formula for solutions of ( |2.1[ )-(2.2|. We have 
\Ma)-ci\< I |u((/..(a),s)|ds< / ||u(., s)|U^(^^^^^^) ds < i^(i), 



(2.4) 



where we set 



K{t) = f 
Jo 



ui.s)\\ 



Vl/i.~(D) 



ds. 



(2.5) 



Therefore, it is sufficient to chose Ti such that K{Ti) < dist{n, dBrg{xo)) — ro/2. 
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On the closure of Dra,xo we let g be the Euclidean distance to the curved part of the boundary of 17, that 
is, Q{y) = if 2/ e f2= and Q{y) = dist(y, 50 \ {yg = 0}) if y e f2. As in [XMll EMllLb] . for all < (5 < 5q, 
where (5o > is sufficiently small, we define the set 



^5 = {j/e ^: Q{y) >5}. 



(2.6) 



By the triangle inequality and the definition of g it follows that \y''^^ — y^^^| > r for all y^^^ G ^s+r and 
y^"^^ € ri^. Also let 17^ = 9~^{Vls), ^t,s = (f'ti^s) and flt^s = 9{n,t,5)- Here (5o = (^0(7) < 1 is chosen small 
enough such that for all S S [0, 5o)j the set fig is a Gevrey-class s domain, i.e., it lies on one side of a 
Gevrey-class surface. 

If y^^^ € ^5+r.t and y*^^^ g fJ^^t, where S,r + S € (0,(5o), it follows by the mean value theorem that 

r < |0 o 0_, o e-\y'^'y} ^9o(b-,o 0-\y'^^'>)\ < C\y^'^ - 2/(')||lV0_,|U=.p) 

<qyW-y(2)|(i + ^2(^))^ (2.7) 



where C is a constant depending on 6. In (2.7) we have used that Vip-t is the inverse matrix of V0t (whose 
determinant is 1 since divu = 0), and the fact that the 2x2 minors of this matrix are bounded by 1 + K^. 
Therefore, by (2.7), we have \y^-^^ — y'^-*! > r/{C + CK^{t)). Hence there exists a smooth cut-off function rj 



such that 77 = 1 on fls+r,t and 77 = on f2^ j, with 

|V77|< 



C + CK^{t) 



(2.8) 



for some positive constant C = C'{D). We denote u{y, t) — u{x, t) and similarly p(y, t) — p(x, t). 

Gevrey-class norms. We recall (cf. |KP[|Le[|LM| ) the definition of the Gevrey-class s, denoted by Q" . 

Definition 2.1. A Junction v € C°°{D) is said to be of Gevrey-class s on D, where s > 1, written v (£ Q'^, 
if there exist positive constants Af , r > such that 

\\d^v\\L^iD)<M^-^ (2.9) 
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for all multi-indices a € Nq. We refer to the constant r in (2.91 as the radius of Gevrey-class regularity of 
V, or simply as the Q'^ -radius of v. 

As opposed to the class of real analytic functions Q^ , functions in Q^ with s > 1 may have compact 
support, they may vanish of infinite order at a point, and there exist Q'^ partitions of unity (cf. |KP| ) . The 
5* norms used in this paper are defined as follows. For a Gevrey-class s function v{y,t) denote 

[vit)U= E ^"' ^'^P '5'""'II^"^(-'^)I1l^(o,.)' (2-10) 

I I 0<i5<i5o 

|a|— T?i — 

for all TO > 3. In this paper we work with the Lagrangian Gevrey-class s norm defined by 



(to-3)!^' 



Mmx^,,, = l^[vit)]mj±^^^, (2.11) 

77^=3 

where 5 > 1, and r > 0. We also let 



00 ( -i-\Tn — 4 

Remark 2.2. If ||u(y)||AV < oo, it follows from the Sobolev inequality that u e 5** and that u{y) has 
Gevrey-class regularity radius at least r. As opposed to the analytic case, if s > 1, the map 9^^ : y i-^ x 
possibly shrinks the radius by a constant factor < a* < 1, where a* = a* (7). This fact may be proven 
using the multi-dimensional generalization of the Faa di Bruno formula (cf. [GSl IKPJ ). Thus, if u{y) has 
Gevrey-class radius r, then u{x) has CJ^'-radius at least a■^,T. 

Notation. When it is clear from the context that we are working with a function on the flattened domain, 
we simply write v instead of v. In the present paper we set n! = 1 whenever n < 0. Also we use the notation 
\\D''v\\lp = Z]|a|=fc II^""IUp and similarly II £)"=« II LP = I]|a|=fc,a3=o ll^^'^IU"- Lastly, C denotes a sufficiently 
large positive constant which may depend on the domain. 

3. Short time local Gevrey-class a priori estimates 

The proof of Theorem 1 1 . 1 1 consists of a priori estimates. These estimates can be made rigorous by noting 
that u[-,t) £ C°°{D) for all t < T^, (cf. |FFT) ). and by performing all below estimates on truncated sums 
Sm=3[^™''''"~'^/("^~'^)'*- ^^^ 9 > 5 these estimates close, since the energy estimates for the Euler equations 
close in Sobolev spaces (cf. [T]), and are independent of q, so we may let g — >■ 00. 

Let d^f{t)/dt = limsup^_j.o_|_(/(i -{- h) — f{t))/h denote the right derivative of a function f{t), which 
agrees with the usual derivative if the latter exists. Using the definitions ( 2.10 1-( 2.11) we obtain 

^P(t)iix.<, < mwmiK.^ + E E ^"^7i^„-|,/'""^ii^""Wii-(o.) (i^- (3-i) 



In order to switch the d^/dt and the sup^ (cf. Lemma A. 5 1 we need upper bounds for {d/dt)\\d"u{t)\\^ for 
all |a| > 3. The following lemma is a Lagrangian energy estimate in the straightened domain and provides 
the desired upper bound. 

Lemma 3.1. For all a E NQ,t > 0, and < S < do, we have 

^^\\d'^u{;t)\\mns,j < \W,u,d,e,dk]ui-MLHns,) + \\9"idj(>kdkPi-,t))\\^,^^^^^^=Msit), (3.2) 

where the bracket [•, •] represents a commutator. 

Proof. The standard Lagrangian energy estimate (cf. JAM 11 Lemma 2.3] and |Lb[ Section 2.b]) shows that 
a smooth solution v to dtv -\- {u ■ W)v = g satisfies 

J^Mt^ ■)lli2(o,,,) ^jj Ht, Mx))\^ dx^2 J g{t, x)v{t, x) dx (3.3) 
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Here we used the fact that divu = imphes det{d(j>t{x)/dx) = 1. Let y — 9{x) and denote v{y) — v{x). 
Similarly define u{y) = u{x) and g{y) = g{x). Then v solves the equation dtv + Uj djOk dkV = g, and since 
det{d9/dx) = 1, we have \\v{t, •)llL2(n ) ~ ll^(*' OlU^COi t)- ^he lemma follows from the above remarks with 
V = d"u and g = [d",Uj dj6k dk]u + d°'{dj9k dtp), and the Holder inequality. D 

Using the bound (3.2), from Lemma A.5|we obtain 



d+ 



sup 5™"'^||(9"u(t)|L-, < sup S'^-^Msit). 



dt o<S<So ""'" 0<<5<5o 

Therefore, we may estimate the sum on the right of ( |3.1| as 
d+ 



dt 






where 



and 



C= V V e"^ sup S"'-'\\[d'',Ujdjekdk]u{- 

m=3 W\=m 0<^^^« 



^=E E ^"' '^-p <5™-^||a"(a,0,afcp(.,i))IL.(n,, 



m=3 \|a| = 



0<S<So 




) I (to-3)!^' 



(3.4) 
(3.5) 

(3.6) 



The estimates for C and V are given in the following two lemmas. 



Lemma 3.2. If t < r*, where t* is the Gevrey-class regularity radius of the boundary, then the following 
estimate holds 



+ c(r\\Du\\^^^^,^^ + (r^ + r'){\\u\\^.,^^^^) + FH^.^^^)) + (r^/^ + (1 + K'y)\\u\\xA My., (3.7) 



where C is a sufficiently large positive constant depending on 7, and K is as defined in (2.5). 

The proof of Lemma |3.2| is given in Section [4] while the proof of Lemma |3.3| below is given in Section [51 

Lemma 3.3. For e > fixed, sufficiently small depending only on 7, if t < er*, where t^ is the Gevrey-class 
regularity radius of the boundary, then we have 

V<C{1 + r') {\\u\\U^^^^^ + Mls^n,) + (1 + ^')IIpIIh^(o.) + 11^11^.3.0.(0,)) 

+ C( rP||^,^(^^) + (r2 + r3)P|l^,,^(^^^ + t^u\\^,^^^^ + (r^/^ + (1 + K^)r^)\\u\\x. ) \\u\\y., (3.8) 



for some sufficiently large constant C depending on j, where K is as defined in (2.5). 



By combining estimates (3.4), (3.7), and (3.8), with the Sobolev embedding, and the classical pressure 
estimate in Sobolev spaces ||p||//"i(£)) ^ C||u||'^,„_w^s (cf. [T, Lemma 1.2]), we obtain for r > 5 that 

+ (f + Cri|«i|H-i.=o(z,) + C{t^ + t^)\\u\\h.(d) + C(r3/2 ^ (^ ^ i^3)^4)|j~||^^^ ||~||^^^ ^3^9) 

for some fixed positive constant C depending on the domain D. Let 

M{t)^\\u{-MH''(D) (3.10) 
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and 



N{t) = ||u(-,i)||vyl.oo(£,) 



(3.11) 



for all < i < r*. Note that K{t) — L N{s) ds. By possibly increasing the constant C — C{D), we have 



jAMxr < C(l + t'){1 + K^)M' + (f + CtN + C{t^ + r')M + C{t^'' + (1 + K'')t^)\\u\\x^ ] \\u\\y^. 



(3.12) 

Let r(i) be chosen such that T{t) < tq < t^,, where t* is the radius of Gevrey-class regularity of the boundary, 
and for all = To < t < Ti let T(t) be the solution of 

i + CoTN + CoT^^^L = 0, (3.13) 

with the initial condition r(0) = tq, where Cq is a sufficiently large fixed positive constant (for instance 
Co/(2 + r^) > C, the constant of (3.12)); we have denoted 

L{t) = CoM{t) + [l + Co{l + K^{t))) (\\uo\\x^„+CoJ {l + K\s)yi\s) dsY (3.14) 



Then r is decreasing, and by (3.12) for short time we have 

ft 



\\uit)\\x^u> < ll^olU.„ +Co (l + K^s))m^s) 



ds. 



(3.15) 



By ( |3.12| ), if ( |3.13[ ) holds for all t £ [Tq, Ti], then u{t) e X^^t) and ( |3.15[ ) is als o vahd for all t e [Tq, Ti]. The 
radius of Gevrey-class regularity T(t) may be computed explicitly from (3.13) as 



r(i) = exp(-CoX(t)) fro '^'' + CoJ i(s) exp(-Coi^(s)) ds 



(3.16) 



where L is defined by (3.14). By further estimating the Sobolev norms in (3.161 using 

rt 



„CK(t) 



M^{t) = ||u(i)||l^,.(^) < C7||Mo|lH.-(i3)exp (c j \\u{s)\\w^,^(D)ds\ = C\\ua\\]j^^a)e^ 

for some positive constant C = C{r, D), we obtain a more compact lower bound for T(t) given by 

Tit)>To(l + Ct\\uo\\x^„+Cf\\uo\\l.{l + K^it)^) 'exp(-Cif(i)^ 
>To{l + Ct\\uo\\x^^+Ct^\\uofHry\^p(^~CKit)y, 



(3.17) 



we used (1 + x^) ^ > exp(— 2a;) for all x > 0, where C — C{D, r) is a sufficiently large positive constant. 
Therefore we have proven the following theorem. 

Theorem 3.4. Let uq be divergence-free and of Gevrey-class s, with s > 1, on a Gevrey-class s, open, 
bounded domain D CM.^. Fix r > 5, Xq G dD, and rg > sufficiently small. Let Q be a neighborhood of Xq 
compactly embedded in B^gixQ) fl D, and let T-i he the maximal time such that (j)t{^) C Brg{xQ) D D for all 
< i < Ti. Then the unique H^ -solution u{(l>t{-),t) to the initial value problem (E.1)-(E.4) is of Gevrey- 
class s for all t <Ti. Moreover, there exist constants e = e{D), and r* = t^{D), such that ifu{0) G X-rg, and 
To < er^, then u{-,t) S XT(^t-) for all t G [0,Ti), where the Gevrey-class radius r(i) of the solution u{(f>t{-),t) 
satisfies 



Tit)>To{l + Ct\\uo\\x^^-^Ct^\\uofH.) \xp(-cj \\u{s)\\w^.^ds 
for all t < Ti, with C a sufficiently large constant depending only on the domain D. 



(3.18) 
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Remark 3.5. Theorem |3.4| gives the local in time Gevrey-class persistence at the boundary of D. The 
short-time Gevrey-class persistence in the interior of D, with explicit bound on the radius of Gevrey-class 
regularity is obtained using similar arguments to the ones given in this section. Namely, given Xq € D and 
ro > sufficiently small, we let 17 be a Gevrey-class neighborhood of xq, with fl C Brg{xo) H D. The main 
step is to show that for alH > such that 4>t{^) C Brg{xo) D D, the analogous estimates to the ones given 
in Lemmas |3.2| and |3.3| hold. The bound on the velocity commutator C is proven by repeating exactly the 
same estimates as in Section |4] below. Since we are away from the boundary, the bound for the pressure term 
V is obtained from classical interior elliptic estimates for the pressure (cf. (5.19)) and arguments parallel to 



the ones presented in Lemma 5.4 Since the interior pressure estimates are only simpler than the boundary 
case, we omit further details. It follows that the solution u{-,t) is of Gevrey-class s on (pti^), the radius 
of Gevrey-class regularity r(t) satisfies the lower bound (3.18), and that the Gevrey-class norm is bounded 



from below by the right side of (3.15) 



4. The velocity commutator estimate 

Since in this section we work only for a fixed time t and on the straightened domain, we suppress the time 
dependence and the tilde for all functions and domains. The goal of this section is to prove Lemma |3.2[ that 
is to estimate 



c = E E^"^ 



-3 |q|— m 



sup 

0<(5<(5o 



{s''"'\\[d'',u,d,ekdk]u\\L2^ns 



-m — S 



(m-3)!" 



Proof of Lem,m,a \3.^ The proof consists of two parts. First we estimate the djOj^ coefficients from the 
definition of C and exploit the commutator (cf. (|4.6|) below). Then we estimate the Gevrey-class norm of 



J,j Wjl 



djUk (cf. (4.15)~(4.18) below) for all 1 < i,j,k< 3. 



The Leibniz rule and the fact sup^ J2n ^n,s < X^n sup^ Xn^s for all sequences Xn,5, huply 



c^E E E E 

m=3 \a\=m 0<P<a 0<7</3 



^\(P\.o. 



PJ\1. 






^m— 3 



0<<5<(5o 



(to -3)!^' 
(4.1) 



where 17 = IJo<5<(5 ^<5- Since the boundary is of Gevrey-class s, there exist constants C,T■^, > such that 



E \\d'De,\\L^^^)<C^^^^., 



m-- 



(4.2) 



for all 



n > 0. Using (;^) (Q = Q (;:^) < Q {";:^), we may rewrite the right side of ^ as 



m=3 7 = 1 k=0 ^ ^ 



(to-3)!'^ 



X E E E 

\a\=m\l3\=j,0<ah\=k,'i<l3 



;)(:)"'iia-.«iu.,„,^' 



X e 



r"3 . 



771 



(TO-fc-3)!* \j - kj o<:s<So 



sup <s™-3||a^-''u|u.(o,)||a"-^i?ziL../(.-.)(o, 



(4.3) 



where p = 2iij — k>m — j, and p~ooiij — k<m — j. Observe that t/t^, < 1. Since s > 1, there exists 
a constant C such that 



m\ (fc-3)!"(TO-fc-3)!" 
k) (to -3)!^ 



C 

-(TO-fc+l)-l+^^{'=="> 



(4.4) 
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and 



for all < fc < m, where X{k=o} = 1 if fc = 0, and X{*:=o} == if fc > 1. By (4.2), (4.4), Lemma 
using (") < (") , we obtain 



A.l 



oo m J / X fe 
T 



m=3 j=l k=0 



c^^EEE f E E E ii^^^^i 



\a\=m\l3\=j,fl<a\f\=k,j<fl 



r-k 



2—k—3 



m — k 






CO m j y \ k 

^^EEE^^ 



E E 



r'" '^ ^ /m — k 



, T* / -^ — ' -^ — ' (to — /c — S)!-* V 7 — A: 

m=3j = lfc=0 ^ -^ \a\=m-k\f3\=j-k,/3<a ^ ' ^ ■' 



(m — k 



^— — Y+X{fe=o})fe"^ sup S-^-^Wd^uU.^^.^W-f'DuW 

+ J^J / \ 0<(5<<5o 



L2p/(p-2)(n_5) 



(4.5) 



Due to the definition of the Gevrey-class norm, in (4.5) we need to consider the cases m—k < 3 and m—k > 3 
separately. We estimate the discrete convolution using Lemma |A.2| to obtain 

C < C||u|Jh'i.~(!:2)||w||h3(o) + CT\\u\\L'=-(n)\\u\\Y^ 



OO rn / \ rr^ — 'i 



CEE 



711 = 3 j = 



^ Vi/ ("1-3)! 



J2 E '"' s'^p '^'"-'ii5^w||l.(o.)||9"-^^w||lw(._.,(o,), (4.6) 



\a\=m.\l3\=j, I3<a 



0<S<5o 



where C is a constant depending on the domain, and on t/t^ < 1. We rewrite the estimate (4.6) as 

C < C\\u\\%^^^ + C||u||^i.oc(o) + C''^l|w||L~(n)l|w|ln +C {Ci +C2 +C10W +Chigh +C3+C4 +C5) , (4.7) 
where for 1 < j < 2 we denoted 



C30 



m=3 \a\=m\i3\ = l,l3< 



(to -3)!'^' 

_m— 3 



(m-3)!'* 



for 3 < j < m — 3 

00 [m/2] . . 

Ciow = E E r E E «^P (e^^'5^-^ll9^«IU=^(o.))(.--''■^<5"-^-^lla"-^C^.|U.(o.)) 

00 m— 3 / \ 

Chigh^E E (7) E E «-p (^^^^-^ii9^-iu^(o.))(.--^^<5"-iia"-^i?.iu. 

m=7j = [m/2] + l ^ -^ ''^ |Q|=m |^|=i,/3<a °<'^-'^0 



and for m — 2 < j < m 



^3-E L,79 E E 



o ; .^ .^ sup 6' 

m=5 ^ ^ |Q|=m|;3|=m-2,,3<Q^^ - " 



^^<5"-^||a''«|U.(o,))(6"-^^'<52||0"-^i?«|U=.(n,)) 



(4.8) 
(4.9) 

^m— 3 

(to -3)!"' 
(4.10) 

s ^m—3 

(4.11) 

~m— 3 



c^ - E L": 1 E E „ -p (^^^^-^ii5^-iu^(..) 

00 

C5 = E E s^P (e"^^"~'l|9"«IU^(n.))||i?^||L^(0.) 



,a3-;33Aim"-^ 



(5|ia"-^Du|u=.(o,) 



' (to 


-3)!^' 




(4.12) 


t" 


-3 


(?7l — 


3)!^^' 




(4.13) 



-3 |a|^m 



0<<5<<5o 



m — 3 



'(to -3)!" 



(4.14) 
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These seven terms are bounded as in the proof of |KV21 Lemma 3.2]. Namely, letting 51 — lJo<(5<(5 ^^^ ^^"^ 
j = 1/3 1, for the cases j — I and j — m we have 

Ci +C5 < C\\Du\\Lo.^n)\\u\\min) + CT\\Du\\L^^n)\MY^. 
for the cases j = 2 and j = m — 1 it holds that 

when j = m — 2 we have 

C3 < Ct2||u||2^5(j2) +r^\\u\\HHn}\\u\\Y^, 
and when 3 < j < m — 2 we have 

Clow + Chigh < C (t3/2 + (1 + ^3)^3^ \\u\\xJu\\y^, 



(4.15) 
(4.16) 
(4.17) 

(4.18) 



for some sufficiently large constant C, where K is as defined in ( 2.5 ) . We sketch the proof of the Ciow estimate 
and refer the reader to }KV2| for further details on the other five terms. Modulo multiplying by a smooth 
cut-off function 77 supported on Qs-r and which is identically 1 on fig, (2.8 1 and the three-dimensional 
Agmon inequality give that 



II II ^ r^W l|l/4 II A ||3/4 , C + CK 

\\v\\L^(ns) < ^ll^'llL2(o,_)l|Aw||i2(o,_„) + ^3/2 IMmns-,.), 

where C > is a constant depending on the geometry of Q and on 6q, and K{t) — \\u\\ 
(2.5). Letting r — 6/j, for j > 3, we have 

sup (e^-^S^-'\\d^uh^(n,))<C{l + K') sup U/Sf/'(e^'HS - S/jy-^d^uh.^n,_,,^S' 



(4.19) 



Lj(0,t)wi'°=(D) 



0<i5<5q 



0<<5<<5o 

1/4 

'w||l2(o,_,/,)) sup 



3/4 



+ sup (e^^(<5-<5/jr'l|9^^|U.(o._.,,)) sup U-^{b-8l3Y-^\df'uU.^^,_,,^ 5^'^ (4.20) 



0<<5<5o 



In the above inequality we used (1 + l/(j — 1))-' ^ < e for all j > 1. By the Holder inequality, and |KV2[ 
Lemma 4.2], we obtain from the definition of Ciow and the above inequality 

Clow <CY, Y. \j) Mf^Mj+2Mm-j+l ^^_3^,, 



00 [m/2] , . ^_3 

m=6 i=3 ^-^ ^ V ;• 



where we have denoted 



E 

|a|— 7TT, 



e"^ sup <5™-3||a%||^.(f,^) 

0<<5<<5o 



(4.21) 



(4.22) 



for all smooth v. In the above estimate (4.21 ) we used the fact that [Dw]™ < C[v]„i+i and [At;]„ < C[w]„i+2, 
where C > may depend on e, which is fixed. The right side of (4.21 ) is then bounded by 

c(T^/^ + {i + K^y)MxAu\\Y^. 



Here we used the definitions (2.11 )-(2.12), the discrete Young and Holder inequalities, and the combinatorial 
estimate 



\ (j-3)!-/4(j-l)!3^/nm-j-2)!- /m\ [j - ?,)\^f/^m - 3 - 2^ < ^ ,^ 23) 

) (m-3)!'^(TO- j + 1) \j ) (m-3)!''(m- j + 1) " ' ^' ' 

which holds for all m > 6, 3 < j < [m/2], and s > 1, where C > is a dimensional constant. By reversing 
the roles of j and m ~ j, similar estimates give the bound on Chigh, thereby proving (4.18). This concludes 
the proof of the Lemma 3.2 D 
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5. The pressure estimate 



The goal of this section is to prove Lemma 3.3 This is achieved in several steps: First we use an H^ 
regularity estimate on the flattened domain to estimate all tangential derivatives of the pressure; next, we 
obtain a recursion formula to bootstrap to an estimate with higher number of normal derivatives, which 
leads to an estimate in terms of the velocity; lastly, we prove a product-type estimate for the Lagrangian 
Gevrey-class norms defined in Section [2] which concludes the proof. 

For the rest of this section all functions depend on y = 0(x), hence we shall further suppress all tildes, 
and since there is no time evolution for the pressure we also suppress the time dependence. 

Semi-norms and a decomposition of the pressure term. The following semi-norms are useful when 
treating the pressure term. Namely, define 

(«);,..*-= ^'+1^1-^1197^ 9I^^I1l^(o.) (5.1) 

for all 7 e N^, ; e Z with I7I -I- / > 3, and all < ^ < Sq. Also let 

{v)i,^= V sup {v\o.',5= V sup <5'+"-^||ar^ar«llL^(o.) (5.2) 

for all n > with n + ^ > 3. Note that we have the inequality {D' «);,„ < {v)i^k.n+k, where {D'''v)i^„ = 
J2 supo<5<5^ (5'+"-3||£)'fe:y||^2(o^), and ||D"=w||i,2 is defined above. 

|q|— n,a3— 

Next, we shall estimate the pressure term arising in (3.4), i.e., 

°° / \ _m-3 



Similarly to (|4T])~(|4J]), we let C, r* > be such that E|;9|=j l|9'^^^llL~(f2) < C{j - 3)1' /ri for all j > 0. 
Assuming that r < r*, it follows from the Leibniz rule and the bound ('")(m — j' — 3)!''(j — 3)!*(?7i — 3)!^" < C 
that the pressure term is bounded as 

V<C\\Dp\\w2,^^n)+Cj2 E ^"' «^P S"^-''\\d"DpU^nsA _ (5.4) 

™=3 \|a|=m "<^^^° J ^™ '*''• 

for some positive constant C = C{D,ri), where rj — TJTt, < 1 by assumption. We decompose the upper 
bound on the pressure term as follows 



V < C\\Dp\\„2.^^n) +CJ2(T. e^Hd^Dp) 



03 ,771 — 03 



, (m-3)!'' 

m—3 \o3— / 

< C||p||w3.oc(o) + C((l + e)Vo +Vi+ V2) , (5.5) 

where we have denoted the term with at most one normal derivative by 

00 m— 3 

V,= Y,{Dp),.^j^^——, (5.6) 

m=3 ^ ' ■ 

and the terms with at least two normal derivatives (according to D = d'i + D') by 

^1 - E E ^"^ {dr^'p)...,n^o.. (^^^3^ (5.7) 

m—3 as — 1 

and 

^2 - E E e-(53"^p)a3-i.™-a3+i7;^^3^. (5.8) 

m=3o!3=2 ^ '' 
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The elliptic Neumann problem for the pressure. Under the change of variables 9: x i-> j/, the elliptic 
Neumann problem for the pressure (cf. [T]) becomes (omitting tildes) 



where we denoted 



- Ap = Aij dtjp + Bj djp + Di-jki diU-j dkUi, in fl 
^ dsp = Cj djp + ^ij UiUj, on dfl, 







A, 



B, 



C, 



D 



ijkl 




[diif - (927)' 

-^27 




1. r 1 . 



$, 





da 



(da) di"fd2i da 



r3/2 



with 



9ii7 di2l 

9l27 ^227 





r = 1 + [daf + (927)' 



(5.9) 
(5.10) 



(5.11) 
(5.12) 
(5.13) 
(5.14) 
(5.15) 

(5.16) 



The precise form of the above matrices is not essential; what is important for the following arguments is 
that A33 = C3 = 0, and that the coefficients Aij^ Cj are small. We also denote 



/ = DijkidiUjdkUi, 



= $ij Ui Uj . 



(5.17) 
(5.18) 



The interior i7^ -regularity estimate. Let p be the smooth solution of the elliptic Neumann problem 

-Ap = A,j d,jp + B, djP + /, in n, (5.19) 

- d^p = Cj djP + g, on 90, (5.20) 

where all coefficients are of Gevrey-class s. We have the following interior i/^-regularity estimate. 

Lemma 5.1. There exists a sufficiently small positive dimensional constant e such that if A33 — C3 = 0, 



ij\\L°°(n) — ^' '^"'^ l!^il!L°=(0) — ^' ^^^ smooth solution p of (5. 19 1 -(5.20) satisfies 
\\DMLHas+.) < Co (^Wfh-ins) + p3llL^(n. 



1+^2 



iDph^ns 



) ' 



(5.21) 



for all 5 e (0,(5o) and for all < r « 1, where K is as defined in (2.5), and Co = Co{Aij,Bj,Cj) is a 
positive constant depending on the domain. 

The proof is standard and thus omitted. It relies on the fact that the elliptic operator acting on p 
in ( |5.19[ ) is a small/lower-order perturbation of the Laplacian, and on the the fact that by (2.8) we have 
Codist{Qs+r, ^s) > ?'/(l + K^), for some sufficiently large constant Cq. 
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The estimation of tangential derivatives. Fix fc > 3, and let a! — (ai, a2, 0) G Nq be such that |a'| — k. 
Consider the system ( |5.19 l"(5.20). The function d" p satisfies the elliptic Neumann problem 

- A(a" p) - A, d.jd-^'p + Bj djd"'p + d"'f + [d''\Aj d,j]p + [d^\B, a,]p, in n, (5.22) 

- dsid^'p) = Cj djd"'p + a"'.g + [9"', Q dj]p, on dn. (5.23) 



We apply the H'^ -estimate (5.21) to the solution of (5.22|-(5.23l, and bound the commutators using the 
Leibniz rule as 



0<;3'<a' ^'^ ^ 



(5.24) 



The terms involving [d" , Bjdj] and [d" , Cjdj] are estimated similarly. Letting r = 5/k < 6/3, we obtain 



l|5" D'pWmns^^,,) < Co 119" /|U2(o,) + 119" DgW^n,^ + (1 + K')^\\d'' Dp\\ 



+^oE E 



3 = 1 ^^' \[i'\=3. P'<a' 



(||9"'-^'z?i?VllL^(o.) + |19"'-'^'i?p|U.(n,)) , (5.25) 



where we used A33 — 0. Denote 



^^,,, = <5l^'l-2^ax{||9^'A,,|L.(^,),||9^'B,|L..(^,),||9^'Q|L^(S,)}, 



for aU l/3'l > 2, and 



if l/3'l = 1. Also let 



V'/3',5 = max{||9'3'Ay||i=e(o,), ||9^'Sj||l-(0,), l|9'''CjllL-(n,)}, 



V'i = E ™P ^/^ 



l/3'l=J 



0<<5<<5o 



Note that since 7, and hence Aij,Bj, Cj, is of Gevrey-class s, there exist C,t^, > such that 

(7-2)!" 

-T— ' 



(5.26) 

(5.27) 
(5.28) 

(5.29) 



for all j > 1, where recall (—1)! — 1. Since the boundary is fixed, C and the Gevrey-class s radius T^, of the 
boundary are not functions of time. Multiplying estimate (5.25) by {6 + S / k)''~'^ , and using (l + l/fc)'^^^ < e 
for fc > 3, we obtain 

{D^p)i,c,'.s+s/k < C(/)i,„^5 + C{Dg)i^^,,s + C^Jc^'j {\\DD'p\\L2(^ns) + WDphnns)) 
+ C{l + K^)k E y^P',s[s\\DD'^p\\L2^n,)+S\\DD'p\\L2^ns)) 

\l3'\ = k-l,l3'<a' 

+ Cfc(fc-1) E ^f3'MDD'^pU2^ns) 

\l3'\=k-2,l3'<a' 

'="2 /^x fe-3 /^x 

+ C'Xfc>4E(-) E '4^l3\s{DD'p)3^a'-l3',S + Cxk>5^i .] E i^P' ,s{Dp)?,,a' -13' ,5 

j=2 ^-^^ |/3'|=j,/i'<a' J=2 ^-^Z |,9'|=j\/3'<a' 

+ Cfc(i:)p)0,a'> + Cfc E ^^P',s{{DD'p)2,o.'-P'^5 + {Dp)2^o.'-P',5). (5.30) 

|^'| = l,/3'<a' 
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By taking the supremum over < 5 < 5q < I of the above estimate and summing over aU \a'\ = fc > 3, 
cf. |KV2i Lemma 4.2], we obtain 

{d3Dp)i^k + {Dp)oM+i < c((/)o.fe + {Dg)o,k) 

+ C(l + K^)(iJk\\Dp\\L2(n) + (V-fc + kijk-i)\\D^p\\L^n) + {ktpk-i + fcVfc-2)ll£'^p||L2(o)) 

k — 2 / 1 \ k, — 3 

+ CJ2( ■)^3iDp)0,k-J + l + CXk>4j2 



■tJj.j{Dp)Q^k-j 



(5.31) 



where as usual we write 57 = IJ, 



0<S<So 



Qg. Estimate ( 5.31 1 is used to bound the term Vq in the decomposition 



(5.5) of 7^. Furthermore, using the bound (5.29) on ipj, estimate (5.5) implies 



{dsDp),^k + {Dp)o,k+i < c((/)o,fc + {Dg)o.k) 



+ C{1 + n+ r^){l + K')[\\Dp\\L2^n) + \\D'p\\mn) + WD^Ph^n) 



(fc-2)!^ 



CJ2 f^) ^^^(i?P>o,.-,+i + Cxk>, E ('')^-^^{Dp)o,k-,, (5.32) 



3 = 1 w/ '* j = i v->/ 

for all k > 3, where C depends on Cq and 6q < 1, while r* is fixed, depending only on 7. 

The transfer of normal to tangential derivatives. We use the special structure of the coefficients Aij 
and Bj to rewrite (5.19) as 

-dssP = (oi di + 02 d2)dzp + h dsp + c {dn + ^22)^ + / 

= {a ■ V)d3p + bdip + c A'p + /, (5.33) 



where, as above, (cf. (5.111,(5.12), and (5.16)) 

ai = -2——, 



9ii7 + ^227 



1 



(5.34) 



Since 7, and hence a, 6, and c, is a function of (2/1,2/2) only, we obtain from (5.331 that for fc > 2 we have 

-d^p = [a ■ V')d';-^p + h d^-^p + c A'd!;-^p + d^-^f. (5.35) 



Note that in the case of the half-space (cf. |KV2j ) . identity (5.331 simplifies to —d^sp — A'p + f, which allows 
one to obtain an explicit formula for d^^p in terms of / and {—A')^p. The combinatorial structure of this 
transfer of normal to tangential derivatives is encoded in the coefficients M^ of |KV2] . In the case of the 
present paper, it is highly inconvenient use the recursion formula (5.35) to explicitly calculate d^p in terms 
of / and tangential derivatives of p. Instead we use the fact that we may choose e << 1 and recursively 
bootstrap to estimates on higher number of normal derivatives acting on p. By applying 9" , where \a'\ = n, 
to (5.351, using the Leibniz rule, the Holder inequality, we obtain 

Wdld'^'phnns) < Wdt'd'^' fhHns) 



j=0 



E ^0'.* {Wd'^'-^'D'dt'pWmns) + Wd'^'-^'dt'phHns) + \\d^'-^' A'dt^Phnns)) 



\P'\=3,P'<a' 



(5.36) 



where we have denoted V'/3',<5 and ipj similarly to (5.26)-(5.28l (replace Aij,Bj,Cj by a,b,c). Since a,b, and 



l« /x.^ 



c are of Gevrey-class s (they only depend on 7), as in (5.291, there exist C,t^, > with ipj < C{j — 2)!*/t; 
Multiplying the bound ( |53l| by ,5"+fe-4, it follows that 

{dlp)k-l,a'.5 < {dt^f)k-l,c.',S 



+ E (") E ^p',s[{dt^D'p)k+i,o.'-p'^s + {d^-^A'p)k+i,o.'-p',s + {d^^^p)k+i^a.'-p',s), 

3=0 ^^^ \li'\=i,l3'<o,' 



(5.37) 
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for all n + fc > 4, < (5 < Sq, and a € Nq with a^ — 0, and \a'\ — n. Estimate (5.37) above will be used to 
bound the terms with high number of normal derivatives in the pressure estimate, namely Vi, and 7^2- 

Bounds for Vq^Vi, and V2- For the term Vq with a low number of tangential derivatives we have the 
bound 



Cv 



Vo < Y^-^o + Ci(l + K^)\\p\\HHn) +CiY. ((/)o,™-i + {Dg)o.rn-i 



-m — 3 



(m-3)!^' 



(5.38) 



where 77 = r/r* < 1, r* is the Gevrey-class radius of the boundary, C — C{'j) and Ci = Ci(7, r/, e) are 
sufficiently large constant positive constants. As usual, fl = lJo<i5<(5 ^^- ^ote that the condition ry < 1 is 
natural, as the flow may not have arbitrarily large radius of Gevrey-class regularity close to the boundary. 
Under the assumption 77 < 1, we also have the bounds 

„ CO rn in — 3 

Vi < ^ {Vo+Vi)+CM\HSin)+Ci V V e"M53"'~V)a3,m-a3 7^^;^, (5.39) 



7n—3 aa— 1 



(m-3)!^ 



and 



■C 






_?71 — 3 



(771-3)!" 



(5.40) 



m—3 Q3— 2 

where C = C(7) is a fixed sufficiently large constant, while Ci = Ci(7,77, e) has additional dependence on 
the Gevrey-class norm and radius of 7 cf. (5.291 and the parameter e. First we prove the bound for Vq. 

Proof of (5.38). Letting fc = 771 — 1 in ( |5.32[ ), and recalling the definition (5.6 1 of Vq , we obtain 

00 
Vo < (Dp) 0,3 + C ^ ((/)o,m-i + (Dg), 



/0,m-l 



7n—4 



-m—3 



C{l + K'){l + Tmp\\HHn)Yl 



(777-3)!" t"-3 



rn— 4 



(777-3)!" 



00 rn — 3 

7n—4 j — 1 
00 m— 4 



777- 1\ (j-2)!" 



J 



{Dp)o,m-j 



-m—3 



(777.-3)!" 

.rn — 3 



^EEl^ , j^^<^^^°---i(7773^- 



Using the fact that for all ,s > 1, 777 > 4, and 1 < j < 771 — 3 we have 

'm-l\ (j-2)!"(77i- j-3)! 

i 



<C, 



(777-3)!" 

and recalling that we have "q = t /t^:, < 1, we estimate the discrete convolution and obtain 

V^ < ^Vo + Ci(l + K^)\\p\\HHn) + ^1 E ((/)o,™-i + {Dg)o.m-i) ,_^.u 

rn— 4 ^ ^' 

where C is a dimensional constant and Ci = 6*1(7, tq, 77), concluding the proof. 



(5.41) 

(5.42) 
D 



The estimates for Vi and V2 are symmetric, and so to avoid redundancy we only give the proof of (5.39). 



Proof of (5.39). Let k = a^ + 1 and 77 = 777 — 03 (so that tz -f fc > 4) in (5.37), to obtain that for all 
la'l =777-03 we have 



m— 03 



) E ^/3'.^^ 

. - ^ |/3'|=j,/3'<a' 

(^{d^^D'p)^,+2.^,^p,^s + {dr-^D'^p)^,+2,a,'-p',8 + {drp) 



Q3+2,a'-,9',(5 
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Taking the supremum over < S < Sq < I, and summing over all \a'\ = m — a^^ ttie above estimate implies 

m=3Q3 = l ^ '■ m=3Q3 = l j=0 \ J / 

X f (9^^p)q3 + i_,„_j-_q3 + i + (Sg-^ p)a3^m-3-a3+2 + (33^^)03+2,771-^-03) 



(to-3)!'* 



Using the bound (5.29) on ^j and the combinatorial estimate 

^TO-asX (j -2)!'*(m- j-3)! 



which holds for all ni > 3, 1 < 013 < to, and < j < ?ti — as, we obtain 

00 m ^^ rt 

^l^^E E ^"M^3^"V)a3,™-a3 



; •' (TO -3)!- • ^^' (^-^^^ 



(to-3)!« 

00 T71 771 — Q3 ^ ^2—7—3 

^^E E E vu°-^(g3"-p).3+i,».^.^.3+i " ^._3., 

m=3Q3 = l j=0 ^ ^. J 7- 

00 m m — Q3 ^ m— j— 4 

^'^Y.Y. E '?'^' ^"^"'(53"^P)«3+2,™-.-a, ^ 



im- j - 4)!* 

m=3Q3 = l i=0 ^ \ J J 

00 771 777- Q3 ^ 777—7—3 \ 

+ ^'^E E E ^1' U"-^03--M.3,».-.-a3+2 J" . J . (5.44) 

,77=3 a3 = l J=0 ^ [m J Cj. / 

Here, as before we denoted j] — tJt^ < 1. It is convenient to reverse the summation order in the above 
estimate and write 

°0 ™ _»77-3 

T'^<CY.Y. ^"Ma3--V).3,™-.3 7;^^3W^ 

m=3Q3 = l ^ '■ 

00 777-1 777-j-l , ^m-j-Z 

777=3 j=0 03=0 ^ \ J )■ 

00 777 777-J , _7n-i-3 

+-^EE^^' E h"-(g3"-^V)7„-.--.3 . _^._3., 

771=3 j=i 03+3,03=0 ^ V J ;■ 

00 777-2 7n-j-2 , ,^777-J-3 



, im — j — 3)!^ 

777=3 j = Q3=0 ^ V ..< / 

00 777-1 ^777-J-3 

m=3 j"=0 ^ "^ ^ 

°° ™ _777-3 

<C^ ^ e^M^a ^'V)o3,,77-a3 , _ 3.,, + Ti + r2 + r3 + n. (5.45) 

777=3 a3 = l 

The terms Ti,T2,T^., and T4 are bounded by estimating the discrete convolution ^^^ ^ XjUm-j, and using 
the fact that since 77 < 1 we have X]i>o ^"' ~ ^/(l ~ ^)- ^^ have the following estimate 

Ti < ^To + T^Pi + Ci|1p|U3(o), (5.46) 

1 — 1] 1 — 1] 
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where C = ^(7) is a positive constant, and Ci has additional dependance on 77, and e. Similarly we obtain 

(5.47) 

(5.48) 



T2 < ^ Vo + ^ Vi + Ci|lp|lff3(o), 

1 — 77 1 — r; 

T3 < Vo + Vi + C\\\p\\H^n), 

1 — n 1 — 77 ^ ' 



and 



eC 



1 — rj ^ ' 



(5.49) 
with C = (7(7) > 0, and Ci = Ci(7, e, 77) > 0. The proof is concluded by combining ( |5.45| )-( [5!49l ). D 

Gevrey-class estimates for the pressure. 

Lemma 5.2. There exists a sufficiently small constant e > depending only on 7, such that if t < er*, then 
we have 



00 m 



^^^E E ^"'(^3"^^V)a3 



_m — 3 



00 m 



m—3 Q!3— 1 

00 



(m-3)!^ 



C 2_^ 2_^ e"^(9^^ /)Q3-l,m-a3 + l 



_rn — 3 



771 — 3 Ct3— 2 



(77^-3)!^ 



+ C^(D5)i,™_i 



_?TT. — 3 



m—3 



{m-syj 



+ C(l + K^)\\p\\H^^n) + CWpWw^.^^q), 



(5.50) 



where C ~ C{^) is a fixed positive constant. 

Proof of Lemma \5.S\ By combining estimates ( 5.38 )-( 5.40) we obtain that for r; < 1 

Vo+r^+V2< ^^f^^T'o + ^Vi + ^V2+C^{1 + K^)\\p\\H-i^n) 

1 — J] 1 — J] 1 — 7/ 



+ ^1 E ((/)o.— 1 + (-Dff)o, 



m— 4 



^ni—3 



CXD 771 



(771-3)!'' 



^lE E ^"'(^•53"^"'/)«3.™-a3 



T?7 — 3 0:3—2 



(777-3)!"' 

(5.51) 
for a sufficiently large, fixed constant C* ~ C*{l) > 0, and Ci — 6*1(7, £; *?) > 0- Define e = 6(7) by 

It is clear that e may be fixed for all time, as it only depends on the boundary of the domain. Whenever 
T < er*, we have 77 = t/t^ < e, and therefore (e + '7)/(l — ^7) < 2e/(l — e) < 1/(2C*), by the choice of e 
(5.52). Thus the terms involving Vo, Vi, and V2 on the right side of ( |5.51 ), may be absorbed on the left 
side of (5.51 ) and the proof of the lemma is completed. D 

Remark 5.3. The condition t < er* is not restrictive; it is a manifestation of the fact that the velocity field 
cannot have arbitrarily large Gevrey-class radius close to the boundary, it must be bounded from above by 
the Gevrey-class radius of the boundary. 



In the following lemma we use the definitions of / and g (cf. (5.17), (5.18)) to bound the right side of 



(5.50) in terms of the velocity. 



Lemma 5.4. For e = 5(7) > as in Lemma 5.2, if t < er*, then we have 



^m— 3 



V<Cj2{D{uu)),,^^,-^-—^ + cY^ J2 e"^+i(93"^(i57.Z?u))„3+3.™-i-„3T^ 



7n— 3 



,,.-.^ ^ ' m=3Q3=0 ^ ^ 

-t- C\\DuDu\\H^n) + C\\uu\\H2(n) + C{1 + K^)\\p\\H^n) + C\\p\\w^,^m, (5.53) 

where C = C{j) > is a sufficiently large constant. 
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Proof of Lemma\5^ Denote the right side of ( [sIq] ) by Tj +Tf+Tg 
First we estimate the term 

m=3 ^ ' 



-C(l + ^')lblk4(n)+C|b||H.2,oo(o). 



(5.54) 



Recall that g = u,Mj$,y (cf. ( |5.18[ )). As in the proof of ( |5.38[ ) and ( |5.39p , w e den ote V'/s.a = (J"^' \\d^^tj\\, 
and V'j = X]|/3|=i s^Po<(5<(5o '^^■'5- Since $ij is of Gevrey-class s (cf. (5.15)) there exist C^r^, sue 
"0^" < C'(j — 3)!*/tq , for all j' > (recall that we write n! = 1 if n < 0). By the Leibniz rule, we have 



"^ sup <S'"-3||9/5<i>|U^(^^.) 

0<(5<(5o 



^.^^EE E E (: 

four pieces according to j — m, j 

.r?i— 3 



We split this sum into 

oo rn — 3 / \ r?i— 3 

m=3 j=0 ^-^ ^ ^ '^^ 



proof of ([538]) and ([539|, we denote ^-/s.a = (5l'^l||a''$,j|lioo(n^), 
,- is of Gevrey-class s (cf. (5.15)) there exist C,t^, such that 

(5.55) 
— ra — 1^ j — 772 — 2, and < j < m 



-rii—3 



— 3. We obtain 



(5.56) 



+ ^ E (V'mlb^lU^lo) +m'ijJrn-i\\D{uu)\\L2(n) + m'^^m-2\lD^ {uu)\\L^n)J 1 — r^vl 

m=3 ^ '' 

Using the bound ipj < C{j — 3)!''/t*, the combinatorial estimate (™)(i — 3)!*(m — j — 3)!*/(m — 3)!" < C, 
and 77 = t/t^, < 1, wc obtain 

^^ ^ C' 5] 5] ,7^- ((i^(^^))i,^_,_i ._ J + C\\uuU.^,,) 

m=3 j=0 ^ "^ '■ 



^m— 3 



<cEM-))i,™-i(— ^ 

m=3 ^ ' 

C = C{j). We now estimate the terms Tj and T?. We have 

.m— 3 



(5.57) 



m— 3 

for some sufficiently large constant 

^/ = C* 2^ E '^"''(^3''' /)a3,m-a3 / _3\ 
m— 3 0:3 — ! 



-RVs 



00 

<CV V e"-'+^ sup 



n=3 \a\ = 



m=3 |Q|=m— 1 



^m— 3 



and similarly 



00 m ^m-3 

^/ = <^ E E ^"'(^r V)a3-l.m-a3 + l/ _3X, 

m=3Q3=2 ^ '' 

e"3+2 sup 



\s 



=3q3=2 

00 



^^E E 

m— 3 |a|— m— 1 — 



n— 3 



Recall that cf. (5.17) we have / = diUjdkUiDijki, where Dijki is of Gevrey-class s (cf. ( |5.14 )), and therefon 
we have ^j < C{j - 2)1" /ri, for all j > 0. Here we have denoted ^pp^s = (5'"^''^l^l-2'°>||a'3AjM|U~(o,), am 
also ipj = J2\B\=j supo<5<5(, "0/3, (S- From the above estimates and the Leibniz rule we obtain that Tj + T? i; 



and 

is 
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bounded by 



oo m— 1 , _, 

777,-1 



oo m-3 ^ _ 1\ 'n-J-l _m-3 



m=3 j=0 V -^ / 03=0 ^ ^ 

+ C ^(-^m-l + ?7f0„^-2)||-PM£'M||gi(O) , _ ox, 3 ■ (5-58) 

T?x=3 ^ '^ ■ 



Using the bound ■0^ < C(j — 2)!*/t*, the combinatorial estimate 

'm - l\ {j - 2)!"(7r7 - j - 3)!^ 



i / ('^ ^ 3)!* 



< C, (5.59) 



and the fact that 77 = t/t^ < 1, from (5.58) we obtain 

/ ■ OX I 

(to -J -3)! 



00 m-3 /rn-3-1 _)n-J-3 \ 

t; +t2 < C ^ ^ 7?^ ^ 6"^+i(93°3(i^t,i^^))„3+3,„,_^_i_„ _ ._ + C\\DuDu\\H^in) 



m=3 :;=0 \ 03=0 

00 m-1 m-3 

^ C-E E £"-^+^(93"^(i^^iJ^))„3+3,m-i-03 . _ 3.,, + C\\DuDu\\H^n), (5.60) 

m=3 a3=0 

for some sufficiently large C = C{j) > 0. This concludes the proof of the lemma. D 

Proof of Lemma |3.3[ Here we use the estimate obtained in LemmajS^to bound V in terms of the Gevrey- 
class norm of the velocity, and prove the estimate (3.8). In view of Lemma 5.4 we need to estimate the 
terms 

00 m-l m-3 

E E e"^ + ^(53"^(i^«^-)).3+3,m-l-„3^;^^3^ 
m=3a3=0 ^ '' 

^^EE E E y^"^"\-p./""'ii^'^"^"''^"ii-(-^)(;^^-^ = ^' ^'-''^ 

m=3 i=0 |Q|=m-l|0|=j,^<Q ^'^^ u<0S''0 V J 

and the lower order term 



Y,{D{uu)),^ 



rn — 1' 



(to -3)!^ 

m=3 ^ ' 

00 m y \ m— 3 

m=3j=O|a|=m,Q3<l|0|=J,/3<Q ^^ ^ - ° ^ ' 



Similarly to the estimate for the the commutator term C (cf. Proof of Lemma 3.2 1, bounding TZ and S is 
achieved by splitting the above sums according to the relative sizes of j and m—j. This idea was introduced in 
our previous work |KV2) . Namely, we write the right side of (5.61) as 7^i+7?.2+7^3+7?.iow+7?.high+''^4+7?.5, 
according to j = 0, 1, 2, 3 < j < [{m — l)/2], [(to, — l)/2] + 1 < j < m — 3, j = 771 — 2, and respectively 
j = 771 — 1. Note that by symmetry (replace j by m — j) the terms TZi and TZ^, 7?.2 and TZ^, and also TZ\ow 
and 7?.highj have the same upper bounds. We have the estimates 

7^l +7^5 < C\\Du\\L^(^n)\\u\\HHn) + Ct\\Du\\l^^^-j\\u\\y^ (5.63) 

7^2 + 7^4 < C\\D^u\\L^^n)\\u\\HHn) + CT\\D''u\\L^^n)\\u\\m(^n) + CT^D^u\\L^^n)\\u\\Y^ (5.64) 

n3<CT^\\u\\H^n)\\u\\Y^, (5.65) 

and also 

Teiow + 7^high < C(r3/2 ^ (^ ^ K''y)\\u\\xAMY^- (5.66) 



20 IGOR KUKAVICA AND VLAD VICOL 



The proofs of ( 5.63 1-( 5.66) are similar to those in |KV21 Section 5] and those in Section [4] of the present 



paper, and are thus omitted. Combined they give the desired estimate on V. To estimate S one proceeds 
similarly. Note though that this is a lower order term. We have the following bound 

S < c(r||u||ioo(f,) + T^Du\\L^^n) + r^D^uU^^n) + (r^^' + (1 + K^y)\\u\\x^)\\u\\Y^ 

+ C(l + T2)(||u||2^.,^(o) + ll"llff3(o)), (5.67) 



where C > is a constant that may depend on 7. The proof of (5.67) is omitted (see [KV21 Section 5] for 
details). By collecting the above estimates, and the lower order terms from (5.531, we conclude the proof of 
the pressure estimate. 

6. Global Gevrey-class persistence 

In this section we prove that the local, short time estimates of Section [3] may be combined together to 
obtain global (in space) Gevrey-class a priori estimates that are valid for all t < T^, the maximal time of 
existence of the Sobolev solution. 

Let T < T* be fixed. We shall prove that the solution u{t) is of Gevrey-class s on [0, T] and give a lower 
bound on the radius of Gevrey-class regularity. For this purpose let {x'^}\^i be points on dD determined 
as follows. In a small neighborhood of x^ the boundary of D is the graph of a Gevrey-class function 7^, 
i.e., there exists r^ > sufficiently smaU such that D^ — D Ci B^x{x^) — {x ^ Bj.x{x^) : x^ > 7'^(a:i,a;2)}. 
Moreover, we can pick r^ small enough so that after composing with a rigid body rotation about x^ we have 



I15i7 ||l°° + |1<927 |iL°° < e, where e > is the fixed universal constant of Lemma 5.1 For all A G {1, ... , N} 
we let Vt^ — D C\ B^x/2{x'^)- We take N large enough so that there exists a compactly embedded open set 
57 C -D with analytic boundary, such that Vl U Ui<A<Ar ^^ = ^- To obtain Gevrey-class regularity in the 
interior of D, we cover il with finitely many, sufficiently small, analytic charts {D^}j^^^ , chosen as follows. 
Denote by Q.^ a bah inside D^ , and let r^ = dist(fT^, [D^f), where \ e {N +1, . . . ,N + N'}. We let N' be 
large enough so that 

N N+N' 

l<Y.^iA^)+ Y. Xn-{x)<C (6.1) 

A=l A=Af+l 

for all x e 13, where C > 1 is a sufficiently large constant. 

For s > fixed, define by ipt.sio) the particle trajectory with initial condition (f>s^sio-) — ol, i-e., the unique 
smooth solution to 

jX{t)^u{X{t)A) 

X{s) = a. 



Note that (t>tfi{o) = (t'tia), where 0t is as defined in (2.1)-(2.2). Since the flow map (l)t.s' D 1-^ D is a. 



bijection, cf. ( |6.1[ ), we also have 1 < X]a=i X4>t s{^'')i^) < C' for all < s < t and all x £ D. 

Let To = 0, and define Ti as the maximal time — Tq < Ti < T such that for all Tq < t < Ti we 
have that (j)t.Toi^^) C D^ for all A e {1, . . . , A^ + N'}. Note that if Ti < T, then by the maximality of 
Ti, there exists A G {1, . . . , A^ + N'} with (^Ti,To(^^) n {D^Y ^ 0. Thus there exists and xq e ^^ such 
that \(j)Ti,To{xo) — xo\ > r'^/2 > r* , where r* = mini<A<Ar+Ar'{r'*'/2} is a fixed constant. We obtain that if 
Ti < T, then Ti may be estimated from below via 

\\u{-,t)\\w^,^iD)dt>r*. (6.2) 

'To 

For each A € {1, . . . , TV -I- 7V'},^let 6'^(a;i, 2:2, 2:3) = {xi,X2,X3 - j^{xi,X2)) = (2/1,2/2,2/3) be a boundary 
straightening map and define ^^ = 9^{fl'^). Note that this is exactly the setup from Section M Let 
u^{x,t) = u{x,t)xD>^{x) and for y ^ 0^{x) G 6^{D^) define u^{y,t) = u\x,t). 

Let To = '''(^o) be the uniform radius of Gevrey-class regularity of the initial data uo. By possibly 



decreasing To by a factor, we may assume that To < ct*, where e = e(D) > is as in Lemma 5.2 and t* is 
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the uniform radius of Gevrey-class regularity of dD. Since u^{To) has Gevrey-class radius tq, we have that 
||m'^(To, y)\\x^_,^ < oo for all A e {1, . . . , A^ + N'}, where < a* < 1 measures the possible decrease in the 
Gevrey-class radius after composi ng w ith the boundary straightening map 9^ (cf. R ema rk 2.2). Therefore, 



on [TqjTi] we can apply Theorem 
obtain that for all A e {1, . . . , iV -t- 



3.4 



for each chart {O } 
• we have (cf. (3.15)) 



^^A^^ii respectively Remark 



3.5 



for {VL^'YlZ 



\XN+N' 



A=Af+l' 



to 



P^(-,t)||x.,„ <Qo + C f (l + K^{s)yi\s)ds 

J To 



(6.3) 



where Qo = max>,g{i jv+at'} ||'"'^(-,ro)||j(:^^^ , C — C{D) is a positive constant, and the radius of Gevrey- 
class regularity r(i) is bounded from below (cf. (3.17)) by 



-(i) > a*ro(l + CfQo + Ct^M^{To)) exp {CK{To) - CK{t)^ 



(6.4) 



for all Tq < t < Ti. Here we recall that K{t) = J^ \\u{-,s)\\w^-°°(d) ds, and M{t) — ||u(-, t)||^r(£,). Therefore, 
modulo composing with {0'^)~^ we obtain that the localized velocity u^{x,t) is of Gevrey-class s on [To,ri] 
for each A € {1, . . . , iV + N'}. By (6.1 1 we obtain that u{-,t) is of Gevrey-class s on [Tq, Ti], with uniform 
radius of Gevrey-class regularity bounded from below by a* times the right side of ( |6.4[ ). 

We proceed inductively. Let fc > 1 be fixed. Since (t>Tk,Tk-i{D) = D , as above for t = we cover D with 

local charts {i^'''};)jJi and define Tfc+i as the maximal time T^+i < T such that (j)t,Tk{^^) <^ Dx for all 
A e {1, . . . ,iV + N'}. Similarly to (6.2) we obtain that if Tk+i < T, then Tk+i may be estimated from 

C'^k + l 



\H;t)\\ 



Tk 



Wi,o=(D) 



dt > 



(6.5) 



The induction assumption is that u(x, Tj.) if of Gevrey-class s, the uniform (over x € D) radius of Gevrey- 
class regularity of u{x,Tk) is bounded from below by 

Tk = al Tk-i (l + C{Tk - Tk-i)Qk-i + C{Tk - Tk-i)H4^{Tk-i)) ' cxp (cK{n-i) - CK{n)) , (6.6) 



and that the Gevrey-class norm at i = Tk, given by Qk = niaxA(={i....,jv+Ar'} I|w^('i2^fc)l|xa^^ , is bounded as 

(6.7) 



Qk < Qk-i+C I " (i + k^{s))m^{s) ds. 



We apply Theorem 3.4 respectively Remark 



Gevrey-class s on g [Tk,Tk+i] for all A € {1, 



3.5 



on each local chart il^, and conclude that u^{y,t) is of 
N + N'}, with Gevrey-class norm bounded as 

(6.8) 

Tk 



\\u\;t)\\x^^,, <Qk + C f {l + K\s))m\s) ds 



and radius of Gevrey-class regularity T{t) bounded from below by 

a,Tk(i + C{t-Tk)Qk + C{t-TkfM^{Tk)) \xp (c K (Tk) - C K {t)y (6.9) 

Modulo composing with the inverse map of 9^, if follows from (6.1 ) and ( |6.8[ ) that u{x, t) is of Gevrey-class 
s for all t £ \Tk,Tk+i\ with radius bounded from below by a* times the quantity in (6.9). Moreover, letting 
t = Tk+i in (6.8)-(6.9) we obtain that the induction assumptions (6.6)-(6.7) hold for the next iteration step. 
We claim that for each fixed T < T^ the inductive argument described above stops after finitely many 
steps, i.e., there exists a A: > 1 such that Tk = T. To see this, note that if Tj. < T, then from (6.2) and (6.5) 
we obtain 

rTk i-T 



kr^, < 



^{■M 



w^ 



HD) 



dt< 



^{■M 



=(D) 



dt< 



(6.10) 



/o Jo 

which cannot hold for all A; > 1, proving the claim. Moreover, we proved that it takes at most [K{T)/r^,] + 1 
applications of Theorem [3] to show that u{-,T) is uniformly of Gevrey-class s, where [•] denotes the integer 
part, and K{t) is as usual defined by (|2.5[). 
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It is left to prove that the uniform radius of Gevrey-class regularity t{T) of u(-,T) depends explicitly on 
the initial data and K{T). Let k — [K{T)/r^,] + 1 and hence T — Tk- It follows form the above paragraph 
that t{T) > Tfc. By the induction assumptions (6.6)-(6.7l we bound Tk from below as 

Tk > afro f[ cxp (Ci^(r,-i) - CK{T,)^ (l + C{Tj - T,^i)Q,-i + C{T, - T,^^fM^(Tj^i)y^. (6.11) 

Since of' < exp(— 2fclog(l/a*)) < exp(— 2X(r) log(l/a*)/r*) we obtain that 

Tk > To exp ( - CK{T)') n (l + C(T, - T,-i)Q,_i + C{T, - T,^ifM^{T,^^)y^ (6.12) 

for a sufficiently large constant C depending only on the domain. To estimate the product term in the above 
inequality we note that by ( |6.7[ ) we have that Qj-i < Qo + CM'^{0) exp{CK{Tj-i)), while from the Sobolev 
energy estimate we obtain M (Tj^i) < M'^{0)exp{CK{Tj^i)). Therefore we have 

k 

Tk > To exp ( - CK{T)'^ n (l + ^(^J - Tj-i)Qo + C{T, - T,_i)(l + T)M'\{)) exp (ci^(rj„i)^ 

k k 

> To exp ( - CK{T)') exp ( - C^ X(T,_i)) [] (^ + ^i^J - Tj-i)Qo + C{Tj - Tj.,){l + T)M^O)'^ 

By using the inequality between the arithmetic and the geometric mean, and the fact that k — CK{T), we 
obtain 

CTQo + CT^M'^{{)y^^'' 



-(r)>Toexp(-c^/f(r,)) h 



> To exp ( ~ CK^{T)\ exp ( - CTQo - CT^M^{0)\ . (6.13) 

Therefore we have proven the following statement, which is the main theorem of this paper. 

Theorem 6.1. Let Uq be divergence-free and of Gevrey-class s, with s > 1, on a Gevrey-class s, open, 
bounded domain D CZ M.^ , andr>5. Then the unique solution u{-,t) Ci C{[{),T^,);H'^(D)) to the initial value 
problem (E.1)-(E.4) is of Gevrey-class s for all t <T^, where T* € (0, oo] is the maximal time of existence 
in H^i^D). Moreover, the radius r(i) of Gevrey-class regularity of the solution u(-,t) satisfies 

T{t)>CToCxpl-c(f \\u{s)\\w^,^ds^ \cxp(^-Ct\\uo\\x^^-Ct^uo\\%-y (6.14) 

for all t < T^,, where C is a sufficiently large constant depending only on the domain D, tq is the radius of 
Gevrey-class regularity of the initial data uq, and \\uo\\xt. is its Gevrey-class norm. 

Remark 6.2. Theorem |6.1| also holds in the case of a two-dimensional Gevrey-class domain. In 2D it is 
known that ||M(s)||iyi.°= < Cexp(Ci) for some positive constant C = C{D,uo), and therefore estimate (6.14) 
shows that the radius of Gevrey-class regularity of the solution is bounded from below by C exp(— C exp(Ci)) 
for some C > 0, depending on the domain and on the initial data. We note that such a lower bound on 
t(<) was obtained in the 2D analytic case s = 1 by Bardos, Benachour, and Zerner [BBZ] . whereas in the 
non-analytic Gevrey-class case on domains with generic boundary. Theorem 6.1 is the first such result (see 
also [KVlj for the periodic domain, and |KV2j for the half-plane). 

Appendix A. 
Lemma A.l. Let {a\}, and {b\^^} be sequences of positive numbers, where X, fi G Nq. The identity 

Y. Yu Yu «7^a-/3,/3-7 = H ""T Y Y ^<^~P'P 

|a|=m |/3|=i, /3<Q |7| = fc, 7</3 \\l\=k I \\a\=ni^k\p\=j-k, 0<a 
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holds for positive integers j, k, m such that k < j < m. 
Proof. 

|q|— m |/3|— J, /3<a |7|^A;, 7</3 |a|— m I7I— /c, 7<a |^|^j, 7<^<q 

|a|— 771 I7I— /c. 7<a \X\—j — k, A<a— 7 
|a|— m I7I— /c, 7<a 

where we let 

rfa-7 = 2^ &(a-7)-A,A- 

|A|— J — fc, A<Q — 7 



By |KV2| Lemma 4.2] the far right side of ( A.l I may be written as 



yh\=k J \|Q|=m-fc / \h\=k / \|Q|=m-fe |,9|=i-fe. /3<a 

which concludes the proof of the lemma. D 

Lemma A. 2. Let < ry < 1 and {a„j j}„j>o,j>o be a sequence of positive numbers. Then we have 

oo m j ^ 2 

/^/jfo-rn-k.j-k = z ao.o + :; (ai.o + ai.i) + :; (a2.o + 02.1 + a2.2) 



00 771 



Y^ 51 «™.o + Y^ X X '''"'^■- ^^-^^ 



771 — J 777 — J J — 1 



Proof. By re-indexing we have 



00 777 J 00 777 I m \ CX3 777 im—k \ OO 777 

777 — 3j — Ifc — 1 771 — 3 A:— 1 \j — fc / 777 — 3 fc— 1 \J— / 777 — 3 A:— 1 

where we denoted hi — X^^^o ~ ^^i' ^^ summing the geometric series in 77 the far right side of the above 
equahty may be re-written as {rfh^ -h 77^^! + ^X!^2 ^0/(1 ~ '?)• Therefore we obtain 

00777:?' 00777 3 2 OOTTl 

m=3j = lfc=0 m=3i = l ' ' ' 77i=2 j=0 



and (A. 2 1 follows by grouping appropriate terms. D 



Lemma A. 3. Let {Fs{t)} 5e[Q.5o] be a family of nonnegative C^ functions, where 5q <\ is a fixed constant. 
Assume that 

(i) {Fs{t)}s£[i:),5Q\ is a uniformly equicontinuous family, 

(ii) for every fixed t, the functions Fs(t) and Fs(t) depend continuously on 5. 
Then for every fixed t £ (0, 00) we have 

-J- sup F5(i) =limsup- I sup Fs{t + h)- sup Fs{t)\ < sup Fs{t). (A. 3) 

"^ <5e[o,<5o] h^o+ " \5e[o,<5o] <5e[o,<5o] / SeloM 
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Proof. Fix t E (0, oo). For a fixed 6 G [0, So], and ft, > 0, we have 

Fs{t + h)= j Fs{s) ds + Fs{t) < sup F5(s) ds+ sup Fsit). 

Jt Jt \(5g[0,5o] / <5e[0,(So] 



Therefore 



sup Fs{t + h)- sup Fs{t) < 



ySelo.So] 



selQ,So] 



hJt 



t+h 



sup Fs{s) ds, 



and if we can prove that sup^^rg ^^i Fs{t) is a continuous function of t, then (A. 3 ) holds, concluding the proof 
of the lemma. The fact that sup^grg ^ i Fs{t) is a continuous function of t follows directly from the definition 
of uniform equicontinuity and the inequality 



sup a{5) — sup h{5) 
Se[0M\ 5e[o,<5o] 



< sup \a{5)-b{5% 



3.1. Let 



which holds for all functions a, h : [0, So] — > M. 

Lemma A. 4. Let v — d"u, for some a G Nq, and u as in Lemma 

and Fs{t) = fg{t). Ttien the family {Fs{t)}s£io,Sg] satisfies the conditions (i) and (ii) of Lemma 



D 



(A.4) 



A. 3 



Proof. Let fit — Uselo s i^<5,tj ^"^d (f'tix) be the particle trajectory with initial data x. Without loss of 
generality assume that ilt G D for all t > 0, and that ||'i?||^2/f2-) 7^ 0. 

The fact that for a fixed t the family Fs{t) depends continuously on 5, follows from the continuity of the 
integral with respect to the Lebesgue measure, and the fact that v S L°°{D). Also, from (E.2) and the fact 
that dct{d9 / dx) = 1, we have 

^ll^(tr)ll'2(r,,,)=2 /ff(i,0t(a;))«(i,(/.t(x))dx, (A.5) 



and since gv S L°°{D), the continuity of the integral implies that Fs{t) depends continuously on S, so that 
condition (ii) holds. 

To show that the family {Fs{t)} is uniformly equicontinuous, let e > 0. We need to show that there exists 
T = T(e) > such that \Fs(t) — Fs{s)\ < e for all \t — s\ < t and all S £ [0, 6o]. By (A.5) and the mean value 
theorem we have 



d.l"^(^'-)ll-(^., 



dt"^^''')"'^(^-) 



ygit, Mx))vit, 4>t{x)) - g{s, 4'six))v{s, 4>s{x))j 



dx 



Us 



<C\t-s\ sup sup\dt{gv){z,(j);,{x))\ + \uj{z,4);:{x))dj{gv){z,(j)^_{x))\ 
ze(t,s) xen 



< 



C\t - s\ (II 9t(.gw) II LOO (£,) + ||u|U-(n)||gu||M/i.~(D)) 



since fit £ D for all i > 0. Recall that g — [d",Uj dj6kdk]u + d°'{dj9kdkp), and so the right side of the 
above is bounded by C\t — s|||u||^^^|„|,„, for some sufficiently large r. To conclude the proof of the lemma 
one follows standard arguments. D 



Lemma A.5. Let v ~ d"u, for some a € Nq, and u as in Lemma 3.1 Let Ms{t) > be an upper bound 



S^''^;rMtr)h^ns,^<Ms{t) 



(A.6) 
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which holds for all t > and all S G [0,Sq] such that ||v(t, •)||^2ff2 ) ^ ^- Furthermore, assume that 
sup^gFQ gi Ms{t) is continuous in t. Then we have 

^ sup 5l"l||?(i,.)IL.(o,,)^ «^P ^^^W' (A-7) 

at seloM se[QM 

where we denote by d'^a{t)/dt = linisup^_^Q^(a(/; + h) — a{t))/h the right derivative of a function. 

Proof. Let fs — S^"^\\v{t,-)\\^2,Q ^ and let Fs = /|. Note that by assumption we have fs{t) < Ms{t) for all 
5 € [0, 5q\ and f > 0. It follows from Lemmas A. 3 and |A.4| that 

d+ 

sup Fs{t) < sup Fs{t). 

Due to the continuity in S of the family fs 



dt se[oM Se[o,Soi 



sup Fs = sup fs 

se[o,5o] \se[o,5o] . 



Therefore, 



dt 



sup Fs(t) sup fs{t)Ms{t) 



— sup fs{t) = — — — < — - — < sup Ms{t), (A.8) 

dt 5G[0,5o] 2 sup fsit) sup fsit) 5e[0,<5o] 

se[0M ■5e[o,<5o] 

for all t such that sup^j^rg ^j^i fs{t) > 0. This concludes the proof of the lemma by noting that if g{t) is a 
nonnegative function such that {d'^ /dt)g{t) < G{t) for all t such that g{t) > 0, with G{t) continuous, then 
g{t) < g{to) + Jl G{s) ds, for ah < to < t. D 
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